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Abstract
The gluon propagator is calculated in the instanton background in a
form appropriate for extracting the momentum dependent gluon mass. In
background--gauge we get for the mass 400MeV for small p
2
independent of





In the following we will calculate the gluon propagator for dierent gauges. In












section 2 we will extract the inverse propagator from the terms quadratic in the
uctuations around a background eld. In section 3 we will average this expression
over relevant background elds and expand it for large momentumin a way to get the
gluon mass M(p). In section 4 we explicitly calculate M
1
= M(p =1) = 420MeV
in the instanton background. We will also see that there are further terms which do
not vanish at large momentum but are more dicult to calculate. To get reliable
results for large as well as for small momentum we make in section 5 an cluster
expansion in the instanton density. For this purpose we need the gluon propagator
in the 1 instanton background. The relevant formulas to construct this propagator
are listed in section 6. Because it is a bit lengthy we will restrict ourself in section 7
to the case of small momentum. Till now as far as I know the instanton background
is only treated at the classical level except for a calculation of the one loop action
in the instanton background. This work should be seen as a rst step to calculate
gluonic quantum uctuations around the instanton background and the simplest
object to play with is the propagator. For high energies there are tools like operator
product expansion with instantons included indirectly in the condensates [6]. This
is another reason for the restriction to small momentum.
2. Gluon Propagator
The rst task to obtain a formal expression for the gluon propagator in a background













The term quadratic in B
a
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where we have rescaled the elds in such a way that the coupling-constant-





because instantons do not make sense in Minkowski space. At the

























































































































































is the covariant derivative with
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A). As usual the terms which are total derivatives disappear
after integrating L. We see that if

A solves the equation of motion the linear term








= 0 the last term
of the O(B
2
)-contribution vanishes. Now we can read the inverse gluon propagator
from the terms quadratic in B (from now on we will omit the bars over A, G and
























We will also omit the 1=g
2
in front of the propagator which is a result of the rescaling












































































The last equation has only been quoted to show that p^ and
^
P will be used in
operator sense. F
a
are the generators in adjoint representation and f
abc
are the
structure constants of the color gauge group SU(N
c













































is the free gluon propator with no background and V can be interpreted as
an interaction potential caused by the background. The QCD-Lagrangian in the













































The terms independent and linear in B has been omitted because for a given back-
ground the rst term is irrelevant and the second can be deleted by shifting B. To
determine the weight of a specic background they are of course the most important
terms. The Feynman graphs of the additional terms (with g recovered) are depicted
in gure . It should be noted that for small coupling constant g the second graph


























Figure 1: Feynman rules for gluons in a background
3. Propagator in Statistical Background








(1 + T )
 1
; T = V S
0
: (6)
For large momentum p, S
0








+ : : :) : (7)
Note that S(x; y) = hxjSjyi is generally not invariant under translations and ro-
tations because the background A

and therefore T are not. Actually we are not
interested in the propagator for a particular background conguration, but only in
the average over all relevant congurations. Here we do not mean the functional
integration over quantum uctuations around the empty vacuum, but elds other
than the perturbative A










+ : : :) ; (8)
where the bar denotes averaging over relevant congurations. Details are specied
below. If the background is statistically invariant under translations then S is trans-
lationally invariant and therefore diagonal in momentum space S(p; q) = hpjSjqi =
S(p)
 
(p q). If we would evaluate the terms in the series we would get an expansion











+ : : : (9)
and the pole remains at zero | and gets even worse with higher terms. What we






with M(p) bounded for large and
small p and interpreted as momentum dependend gluon mass
2


















The " + " in front of M will change to the more familiar "   " when we rotate back from
Euclidian space to Minkowski space.
4
and expand it once again in T . Without averaging this would just be a geometrical





+ V . With
averaging the dierent terms are now in no relation and expanding and sorting with
respect to powers of T yields
S
 1





















+ V   (V S
0
V   V S
0














+ : : : ; M
2
1





V   V S
0
V :
In the next section we introduce the concepts of instanton gas calculation to deter-
mine M
1
, which is actually very simple.
4. First Order Gluon Mass
The classical approximation to a quantum theory in the language of path integrals
is to consider only the congurations which minimize the classical Euclidian action
S. In QED there is only one minimum, namely A

= 0, but in QCD there are other




























































is an (anti)instanton of size  at position z
I










the 't Hooft-symbols with some properties given in the appendix of [2]. Whereas












minimizes S only approximatly, but nevertheless
gives a signicant contribution to the functional integral. Quantum uctuations




and make small instantons
less important because the QCD coupling constant g decreases for small distances
[2]. Repulsion between instantons do not allow too large instantons [3], [4, A]. So
there is a narrow region of allowed values for the instanton radius and I will use an
average radius  in my calculations. The second parameter we need is the instanton
density n which must be determined experimentally from the gluon condensate [6].
The ratio L
0

































in our expressions for the gluon propagator (11). To do this we must average some
functions f(A) of A like in V . We will use the instanton gas approximation without
interactions between instantons. The whole eects of interactions are summarized
in the values of L
0
and . So the position and orientation are equally distributed































is the Haar-measure and averages over the group of orientations
Z




















































is antisymmetric in the Lorentz indices and Lorentz invariant
3
after




























where we have used the fact that dierent instantons are independent and (17).













































































= instanton density (18)
3
Precisly we should say O(4) invariant because we are in Euclidian space.
6

















































also contains terms which survive the large p limit. To see this
one can count the number of p^
0
s occuring in M
2
2











vanishes for large p but in principle






V could be nite for















+ : : :









































(x  y) + traceless terms.
hxjV S
0




(x)(x  y) + : : : = hxjA
2






+ : : : = M
2
1




above. In the next section we use an approximation which overcomes this problem
but actually restrict ourself in a calculation for small p.
5. Propagator in statistical Background (Expansion in Instanton Density)
In this section we will make an expansion of the gluon propagator in the instanton
density n which will be valid for all euclidian momenta p especially for small p.







for n  1. So, for example, the expansion of the square














































) dened in (4) with A replaced by A
I
and similar for T . Let us
now sum up all terms in (11) linear in n:
S
 1































































































is the propagator in the 1-instanton background. (24)




+ : : :+A
N













































where the rst line is an identity even without averaging. Inserting a Taylor expan-
sion for f in the second line and using the indistinguishability of dierent instantons
one can see that all monomials in the k-th term contain more or equal than k dier-
ent instantons. So the average will factorize in k factors each proportional to n and
therefore the k-th term is indeed proportional to n
k
. It is easy to generalize (25) for






we get to rst order in n













If we insert the propagator S in (26) we get

















In section 5 we have seen that it is enough to know the 1-instanton propagator to
calculate S to rst order in n. Luckily this propagator is known, unfortunatly it is
a bit lengthy and suers from a divergency.
The gluon propagator S
ab
I
with spin S = 1 in adjoint color
4
representation (C = 1)
can be constructed out of the ghost propagator 
ab
I
(S = 0; C = 1) which is explicitly
4
Often called isospin [9]
8
known in the 1-instanton background. The general formulas how to construct a
propagator of given spin S out of the corresponding scalar propagator with same
color C in a selfdual background are shown below. They are derived and more





























0 in scalar (C = 0)

a
























































propagator S: (not used but only stated for completeness)
S
 1




















































































There are some comments in order. The above formulas are valid for an arbitrary
color representation, we will need them only for C = 1. For S 6= 1 there are zero-
modes and the propagator is only the inverse of the kernel in a subspace orthogonal
to the zeromodes. The implications and problems will be discussed in section 8
when they show up explicitly. The Spin 1 kernel is the quadratic term of the QCD-











in slight generalisation to the
 = 1 case considered previously.
With


















= (~ ; i) ; 
y
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For simplicity we have placed the instanton at the origin z
I













can be averaged and represented in momentum space exactly




we have to expand S for large and/or small momenta (or work much harder to solve
the complicated integrals in terms of special functions). So we will never use the
full expression for S.
7. Propagators for small momentum
The calculation simplies signicantly if we expand (p) or S(p) for small momen-
tum. Because p always occurs in the dimensionless quantity (p) the lowest order
in p can be found by keeping only terms of lowest order in  or dierently stated:
Small p corresponds to large x and for x    is neglegible. To warm up let us
























































is the free (A
a

 0) ghost propagator. After reintroducing the in-




. The -term in W will be killed by




































































The divergence is now hidden in the fact that the coordinate representation of p
 4
does not exist. In fact we are not interested in the coordinate representation but

































































What can we learn from this? At rst M 6= 0. A scalar particle moving in the
instanton background gets a dynamical soft mass. The pole at p = 0 has vanished.
Secondly M(p! 0) is nite. reasonable to think that M is bounded (has no poles)
at least in the Euclidian region p
2
> 0. From an exact averaging of (33) one can
see that M is nit for all momenta [10]. This was our motivation to prefer the
representation (11) instead of (9). Let me make a last comment on this inversion.
In ordinary perturbation theory one calculates the one loop self energy, sums up
the series of one loop two consecutive loops and so on to bring the selfenergy in the
denominator of the propagator which actually is equivalent to a simple inversion
and hopes to improve the result with this partial resummation. The arguments for
doing this are not better or weaker than here - they are essentially the same.
Let us now calculate the gluon mass at zero momentum along the same lines. To
do this we must insert (34) into (31). Expanding also P







































































The free gluon propagator in R












































































































































































is valid even for larger p. Till now we have
dealt with 2-color QCD N
c
= 2. The extension of our result to the real world needs
a thorough adaption of all formulas in this work and [9] to N
c
= 3. After averaging









to 2=3 and 1 in the N
c
= 2-case. So most probable M
2
gluon
has to be multiplied with




8. Conclusions and further developments
In our whole calculation we have ignored the zeromodes. All gluon eld uctua-
tions must be orthogonal to these which is achieved by using a gluon propagator
orthogonal to the zeromodes or otherwise stated by subtracting out from (31) the
projections on the zeromode subspace. This procedure also deletes a divergence
comming from the second term in (33) squared. There are some further problems
to be solved because the scalar product of the zeromodes with the propagator does
not exist [9]. But all this concerns a term which is proportional to 
4
which was
irrelevant in our zero momentum approximation. Also the principle mechanism of
mass generation does not depend on the zeromodes which can be seen from the
ghost propagator because in the spin 0 case there are no zeromodes. This should be
contrasted with the fermionic case where the zeromode are the main ingredient for
mass generation and the so called zeromode approximation simplies calculations
enormously.
The next step may be the calculation of some gauge invariant correlation function
like a glueball correlator or topological susceptibility. As usual this involves products
and integrals over propagators but with the dierence that we have to use (31)
instead of the simple free propagator. Without further simplication this may cause
a headache.
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